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Kinetic Model of Condensation in a Free Argon Expanding Jet
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The direct-simulation Monte Carlo (DSMC) method has recently been developed to simulate homogeneous
condensation in a free-expansion rocket plume. However, cluster–monomer and cluster–cluster collision models
as well as the determination of cluster size were simplified in the previous work, and the effect on the accuracy of
the numerical simulation results was not quantified. In this work, the molecular-dynamics (MD) method is used to
simulate collision and sticking probabilities for argon clusters and the results are compared with the hard-sphere
model. These improved models are then integrated into a DSMC code to predict the Rayleigh scattering intensity
in a free-expanding argon condensation plume, and numerical results are compared with experimental data along
the plume centerline.

Nomenclature
A = constant
B = constant
b = impact parameter
c = velocity
d = diameter
E = evaporation rate or energy
I = intensity
i = number of atoms
J = nucleation rate
K = intensity constant
kB = Boltzmann’s constant
L = specific latent heat
M = cluster mass
m = molecular mass
N = number density
nc = number of simulated nuclei particles
ps = saturation pressure
q = sticking coefficient
R = ideal gas constant
r = distance or radius
T = temperature
V = interaction potential or specific volume
α = species polarizability
�t = time step
�V = cell volume
ε = potential constant
λ0 = wavelength
ρ = density
σ = surface tension or potential constant

Subscripts

c = cluster species
i = cluster size
ref = reference value
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v = vapor state
∗ = critical state

I. Introduction

H OMOGENEOUS condensation,1 observed in various types
of plumes expanding into a vacuum, may result in contam-

ination of spacecraft surfaces as well as affect the observance
of high-altitude plumes.2,3 Extensive experimental studies on the
condensation in real thrusters and small free-expanding jets have
been conducted since the 1970s.4,5 However, it is difficult to mea-
sure cluster-size and number-density distributions in an operational
plume. Therefore, a prediction tool that can be validated with small
thruster data would provide crucial information about homogeneous
condensation in typical chemical-rocket plumes.

Most of the numerical work on condensation coupled to gas ex-
pansion models the processes in ground-based facilities and uses
continuum approaches.6 Because free-expanding jets are mostly in
the transitional to rarefied regimes, a continuum approach would
not simulate condensation for such plumes. Thus, a more appropri-
ate approach that incorporates transitional effects should be used.
Such an approach must address the processes of cluster nucleation,
growth, and decay, and collisions with other clusters and monomers
as well as the usual gas kinetics and is, therefore, computationally
challenging.

Recently, the direct simulation Monte Carlo (DSMC)7 method
has been applied to simulate homogeneous condensation in free-
expansion plumes.8,9 The previous work8 can be summarized as
follows. Classical nucleation theory (CNT)1 was used to model the
generation of initial nuclei, which are assumed to be created at lo-
cal critical conditions. Microscopic models, consistent with CNT
theory, have been developed from general conservation equations
to model sticking and nonsticking collisions, as well as evapora-
tion processes. These models were then integrated into the DSMC
method to simulate condensation coupled flow. The DSMC conden-
sation model developed was numerically validated by comparing the
simulation results with analytical solutions in one-dimensional test
cases, validated by comparison with Hagana’s scaling laws,4 and
applied to predict homogeneous condensation in a rocket plume.

In the previous work,8 clusters were modeled as hard spheres, with
radius proportional to i (1/3), where i is the number of molecules in
the cluster. The probability of a sticking collision between a cluster
and a condensible monomer was simply assumed to be unity8 or
0.19 without validation. Cluster–cluster collisions were assumed to
be elastic without any allowance for coalescence, although it was
shown that for cases considered in Ref. 8 the number of cluster–
cluster collisions was small. The purpose of this work is to improve
the fidelity of the models used in the condensation flow by use of the
molecular-dynamics (MD) method. MD simulations may be used to
test the validity of the model approximations of the previous work.8

The MD computational approach has recently been combined
with the DSMC method to study multiscale flows. Here we only
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mention a few of the papers that have used MD-DSMC hybrid sim-
ulation techniques. To model the time evolution process of a plume
generated by laser ablation of an organic solid, Zeifman et al.10 used
the MD approach to model the ejection of molecules and clusters
from the target and the DSMC approach to model the long-range
expansion of the ejected plume. Briehl and Urbassek11 used a Monte
Carlo simulation to model the agglomeration and fragmentation of
copper atoms and clusters in an argon gas environment obtained
from the DSMC simulation. Recently, Tsuruta and Naka12 used an
MD approach to study the condensation coefficient of water and
analyzed one-dimensional condensation flow of water vapor in the
presence of a noncondensing gas using the DSMC approach.

The paper is organized as follows. To understand basic cluster
model and interactions between a cluster and a molecule, we use
the MD13 approach in Sec. II to simulate cluster–molecule collision
and sticking processes. To derive general conclusions from the MD
simulations, a 6–12 Lennard–Jones potential, applicable to many
species, is used to simulate collision processes between argon clus-
ters and argon monomers. Using reduced units, the MD simulation
results of argon species are compared with those of nickel from
Ref. 14. In Sec. III, we briefly review the microscopic models de-
veloped in our previous work8 and compare the present, corrected
model with the previous models. These models are then used in
Sec. IV to simulate a condensation plume in the DSMC method
of a free-expanding argon plume through a sonic orifice. Using the
DSMC results, the Rayleigh scattering intensity is then calculated
and compared with experimental data along the plume centerline.15

II. Molecular-Dynamics Simulation
A. Methodology

MD is a computer-simulation technique that allows one to predict
the time evolution of a system of interacting particles, for example,
atoms or molecules. Each real atom in MD is usually modeled as
a point-size particle that interacts with other particles through a
defined interaction potential. Once the system initial conditions are
defined, in terms of particle coordinates and velocities, the system
evolution in time is obtained by solving Hamilton’s equations.

The traditional 6–12 Lennard–Jones potential, valid for interac-
tions among many species, is chosen as the interaction potential in
this work,

V = 4ε[(σ/r)12 − (σ/r)6] (1)

where the potential parameters for argon16,17 are ε = 0.0103 eV and
σ = 3.405 Å.

Trajectories are integrated numerically using the Nordsieck fifth-
order predictor–corrector algorithms,13 which can be summarized
as follows. First, new positions as well as time-derivative terms up to
the fifth order are predicted at a new time step using a Taylor series
expansion. Then, the force acting on each particle is computed for
the predicted positions, and error terms are calculated by comparing
force terms between the previous and current time steps. Finally, the
error terms are used to correct the particle positions and derivatives
for the next time step.

B. Initial Clusters
To simulate cluster-collision outcomes using an MD approach,

the initial conditions (coordinates and velocities) of each molecule
within a cluster must be specified at the start of the simulation. The
condition of dimers, obtained from previous modeling of a free-
expansion plume,18 will be used to characterize the initial clusters
for the MD simulations discussed in Secs. II.C and II.D.

To explore the physics of the cluster-formation processes in an
expanding plume, an MD approach was used to simulate a free argon
expansion along the core plume.18,19 One challenge in the MD mod-
eling of such a system is the selection of a criterion to distinguish
clusters, especially dimers, from atoms that are just collision pairs.
The Stillinger criterion20 and a history-tracking approach were used
to find stable clusters as follows. First, the collision-duration time
between two atoms were simulated by the MD approach for condi-
tions of various impact parameters and relative velocities, and the

MD results were compared with Bunker’s approximate formula.21 It
was found that the molecular-collision-duration time is usually less
than 10−11 s. Then, each molecular position in the plume was output
every 10−11 s during the MD simulation, and a pure geometric Still-
inger criterion was used to identify the clusters in the plume. In this
way, the observed clusters were tracked using the MD output, that
is, every 10−11 s until the atoms in the clusters had separated into
monomers. We found that the dimer’s lifetime could last more than
30 ps in the plume, and they usually originated from a three-atom
collision process during which one of the atoms takes away extra
energy while the other two form a stable dimer.

To evaluate the cluster cross section and cluster–monomer stick-
ing probabilities, we also need to prepare clusters of size greater than
two for cluster configurations, typical of expanding flows. Trimers
were created through a dimer–monomer sticking collision, tetramers
through trimer–monomer sticking collisions, and so on. To effi-
ciently generate larger clusters, cluster–cluster sticking collisions
may be used.

MD simulation results of cluster–monomer collisions are dis-
cussed in the Secs. II.C and II.D. Each of the MD simulation results
shown in Secs. II.C and II.D are averaged over a large number of the
trajectories by randomly rotating the initial cluster around its center
of mass.

C. Cluster Model
The cluster–monomer collision process may be used to define

the cluster cross section, as the monomer–monomer collision de-
fines molecular cross section in the traditional DSMC approach. To
characterize the cluster model, the processes of cluster–monomer
collisions are simulated with the MD method, under the condition
of various impact parameters b and relative velocities vrel. Sticking
collisions are obviously counted as effective collisions; for non-
sticking collisions, only trajectories in which the deflection angle
is at least 10 deg are counted as collisions. Note that the deflected
postcollision particle angle is assumed to be randomly distributed for
either the hard-sphere (HS) or variable-hard-sphere (VHS) models
in the DSMC simulation.7 Thus the number of collisions neglected
here is less than approximately 3%. The colliding molecules are
initially separated sufficiently far from the target cluster such that
the effective interaction potential among them is zero.

The collision probability for each case (b, vrel) is defined as the
ratio of the number of trajectories that resulted in collisions to the
total number of trajectories. For each case, a sample of 200 tra-
jectories is used with the orientation of the target cluster to the
randomly chosen monomer. The impact parameter b increases from
a head-on collision value of zero to a value in which the cluster–
monomer collision probability is close to zero. Relative collision
velocities from approximately 150 to 225 m/s are chosen, and the
cluster sizes selected for study in the MD simulations range from
dimers to 482-mers. The range of cluster size and collision impact
parameter are typical in a condensation plume flow.8 The collision
relative velocity corresponds to a translational thermal temperature
that is also representative of a typical nondimensional temperature,
that is, the ratio of the collision thermal temperature to the species
freezing temperature.

Representative MD simulation results are shown in Fig. 1. The
collision probability is close to unity for the cases with relatively
small impact parameters. For the cluster collision probability of
dimer–monomer collisions, for example, it can be seen that for
impact parameters b less than bs ≈ 7.5 Å, the probability is al-
most independent of the impact parameter b. For collisions with
b greater than bs , the collision probability decreases rapidly to zero
as the impact parameter increases. It can also be seen that bs , de-
fined as the critical impact parameter, increases as the cluster size
increases.

The maximum impact parameter bm , chosen here to correspond
to a collision probability of 0.1, can be used to calculate the cluster–
monomer collision cross section σ as σ = πb2

m . It is related to the
cluster and monomer diameters as7

bm = (dc + d0)/2 (2)
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Fig. 1 Comparison of collision probability for some clusters from dimer to 482-mer under the condition of various impact parameters, with a relative
collision velocity of 182 m/s.

where dc and d0 are the cluster and molecule diameters, respec-
tively. Thus, the cluster radius, ri = dc/2, can be determined from
the MD simulation results, because the monomer diameter is known.
The MD results are shown in Fig. 2 with a relative collision veloc-
ity of 182 m/s and are fitted to an analytic general cluster-radius
equation22:

ri = Ai
1
3 + B (3)

where i is the number of molecules in the cluster, and A and B are
constants. The MD simulation results for argon clusters fit this equa-
tion quite well, as seen by choosing A 2.3 Å and B 3.4 Å (dashed
line in Fig. 2).

The MD simulations also show that cluster–monomer collision
probabilities are a function of the relative collision velocities. Re-
sults of collision probabilities for different cluster sizes and relative
cluster–monomer velocities are shown in Fig. 3. It can be seen that
the critical impact parameter increases as the relative collision ve-
locity decreases, and therefore, the cluster cross section would also
increase as the relative velocity decreases. To model the dependence
of cluster diameter on the relative collision velocity cr , we borrow
the following relationship from the VHS7 model:

d = dref(cref/cr )
ν (4)

where the subscript ref refers to a reference value and ν is a con-
stant related to species viscosity. The MD results for cluster radii,
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Fig. 2 Average cluster radius from MD simulations with a relative
collision velocity of 182 m/s is fitted to an approximated equation,
Ri = 2.3i1//3 + 3.4.

Fig. 3 Comparison of collision probability for some clusters under the condition of various impact parameters and relative collision velocities.

calculated for various relative collision velocities, are shown in
Fig. 4 as symbols, and the simulation results fitted to Eq. (4) are
shown as dashed lines. For each cluster-size case we choose one of
the four MD simulated points as a reference diameter dref and a ref-
erence velocity cref. Then, we vary the value of ν such that we obtain
a smooth fit through all four points. The reference cluster diameter
dref is consistent with Eq. (3). For larger cluster sizes, the value of
dref is higher so that a smaller ν is required to model the cluster-
collision-diameter dependence on the relative collision velocity. It
can be seen from Fig. 4 that as the cluster size increases from dimer
to 147-mer, the best-fit constant ν decreases approximately from
0.3 to 0.07. Note that for argon vapor, the constant ν is about 0.31.
Thus, the impact of collision relative velocity on the cluster cross
section becomes less as the cluster size increases, which indicates
that the HS model may be used to model relatively large clusters in
the DSMC simulation. As Fig. 4 shows, the error in using the HS
model increases for small clusters.
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Fig. 4 Cluster radius shown as symbols from MD are fitted to the
equation r = rref(cref/cr)ν by choosing one best-fit constant ν.

Fig. 5 MD simulation results of sticking-collision coefficient or probabilities for some clusters under the condition, of various impact parameters
and relative collision velocities.

D. Sticking Collision Probability
The sticking probability for a collision process between a cluster

and a molecule can be simulated in a manner similar to the collision
probability. Initially, the target argon cluster is at the origin in a static
state, while the colliding argon atom is approximately 50 Å away
from the cluster. (A static state indicates that the cluster center of
mass has no translational velocity and only has thermal motion or
internal energy.) It takes about 25 ps before the atom collides with
the target cluster. The simulation time for a colliding case is approx-
imately 100 ps, which is also long enough to observe whether the
outcome is a sticking or nonsticking collision. To get good statistics,
we perform 2500 trajectories for each colliding case by randomly
rotating the target cluster, as discussed in Sec. II.C.

It can be expected that cluster–monomer sticking probability is
also dependent on the relative collision velocity, especially for small
clusters. Similar to the collision probability, the impact of the rel-
ative velocity on the sticking probability decreases as the cluster
size increases. Figure 5 shows the MD simulation results of stick-
ing probabilities for various cluster sizes and relative velocities as
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Fig. 6 MD simulation results of sticking collision coefficient for clusters of different sizes as a function of impact parameter, with a relative collision
velocity of 182 m/s.

a function of impact parameter. This figure indicates that the sensi-
tivity of the sticking probability to relative velocity decreases as the
cluster size increases, and it may be neglected for clusters larger than
10-mers with good approximation. To highlight the size dependence
of the sticking probability, Fig. 6 shows the sticking probability as
a function of impact parameter for different-size clusters all with a
relative collision velocity of 182 m/s. It can be seen that the sticking-
collision probability, similar to the collision probability, is critically
dependent on impact parameters. For collisions with impact parame-
ters less than the critical impact parameter, the sticking probabilities
are almost constant and are unity for cluster sizes of 11-mers and
larger. In contrast, for collisions with impact parameters larger than
the critical impact parameter, the sticking probabilities decrease to
zero even faster than the collision probabilities compared with Fig. 1.
As can be seen from Fig. 6, the critical collision impact parameter
for the sticking-collision probability increases as the cluster size
increases.

In the DSMC simulation of an expanding flow, consisting of gas
and clusters, each collision is not modeled in detail and only average
collision properties are used. For this reason, the dependence of the
sticking probability on impact parameter must be averaged over the
collision cross section. The average sticking probability Pi

av, can
be calculated from the MD results for each cluster based on a b2

distribution of collision pairs,

Pi
av = 1

b2
i,m

∫ bi,m

0

P(b)db2 (5)

where bi,m is the cluster maximum impact parameter or collision
radius, given by Eq. (2). Figure 7 shows the averaged sticking prob-
ability Pi

av as a function of cluster size for a relative collision velocity
of 182 m/s. It can be seen that for cluster size smaller than 10, the
sticking-collision probability increases quickly as the cluster size in-
creases, whereas for cluster size larger than 10, the sticking-collision
probability is independent of cluster size and is very close to unity.

Therefore, the MD simulation results show that for clusters larger
than 10-mers, cluster–monomer interactions may be modeled ap-
proximately with the HS model, with a constant sticking coefficient
of unity. The MD simulation study confirms the selection of these
models utilized in the earlier work.8

E. Comparison of MD Results for Different Lennard–Jones Systems
Collision processes between argon clusters and molecules have

been simulated in the previous sections, and the important results
that give cluster size and sticking coefficients are shown in Fig. 2
and Fig. 7 respectively. Because Lennard–Jones potential is gener-
ally used to describe molecular interaction for many other gases,
the simulated results for argon may be applicable to other species,

Fig. 7 Average cluster sticking probabilities, for argon clusters from
dimer to 76-mer with a relative collision velocity at 182 m/s, are indicated
by open circles. Nickel-cluster sticking probabilities are solid symbols.

thereby removing the need to repeat similar MD simulations using
the Lennard–Jones parameters specific to the particular gas species.
To validate our MD simulations and assess the transferability of our
results to other Lennard–Jones systems, we compare our numerical
results with other independent data.14

Nickel-cluster collision cross sections and sticking-collision pro-
cess has been simulated by the MD method in the Ref. 14, using a
Lennard–Jones potential. First we may directly compare nickel- and
argon-cluster sticking probabilities, because the comparison in-
volves a nondimensional parameter. Note that the nickel-cluster
sticking probability is defined as the ratio of the cluster sticking
cross section to the total cross section, and both quantities are given
in Ref. 23. The comparison of argon- and nickel-cluster sticking
probability is shown in Fig. 7, represented by open circles and solid
triangles respectively. Figure 7 suggests that the trends for small
cluster sticking probability discussed in Sec. II.D is similar for both
argon and nickel clusters.

To compare cluster collision cross sections for different species,
we have to use reduced units to analyze the MD simulation results
of Ref. 23. We assume that the cluster cross-sectional radius can be
expressed as

ri + r1 ∝ σ f (ε, m) ∝ σ(ε p/mq) (6)

where ri is the radius of a cluster consisting of i monomers, r1 is
the monomer’s radius, σ and ε are the Lennard–Jones parameters,
m is the molecular mass, and p and q are constants.

The nickel-cluster cross sections are simulated in Ref. 14 with
two Lennard–Jones potentials, the bulk-fitted (LJB) and dimer-fitted
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Fig. 8 Comparison of predicted nickel-cluster cross section from sim-
ulated argon clusters using Eq. (6) with MD simulation results.

(LJD) potentials. The simulation results for clusters of size from
dimer to 13-mers are given in Ref. 14; for example, a 12-mer cluster
cross section is about 250 Å2 for the LJB potential and 200 Å2 for
the LJD potential. The constant p in Eq. (6) can be estimated by
comparing these two simulated 12-mer cross sections and was found
to be approximately 0.18. Examination of Fig. 2 shows that the
12-mer argon cluster cross section is approximately 363 Å,2 which,
compared with the nickel cluster computed with the LJB potential,
allows one to estimate a q value of approximately 1.56.

By using Eq. (6), the argon-cluster collision cross sections can be
used to predict nickel-cluster collision cross sections. A compari-
son of the argon derived predicted nickel-cross sections, with those
obtained in Ref. 14 shown in Fig. 8. It can be seen that the argon
cross sections calculated in this work can predict nickel-cluster cross
sections well for both nickel interaction potentials. Thus, the argon-
cluster sticking probability and collision cross section are consistent
with those of nickel clusters, and these results may be extended in
the future to approximately estimate other species described by the
Lennard–Jones potential.

III. Microscopic Models
Based on general momentum- and energy-conservation concepts,

the microscopic models developed have been integrated into a
DSMC computational scheme to predict homogeneous condensa-
tion in a rocket plume. Detailed descriptions of these models can
be found in the previous work.8 We briefly review these models
and the improvements to them compared to our previous work,8

because they are used in Sec. IV to model condensation in an argon
free-expanding plume.

A. Simulated Molecular Models
To simulate condensation coupled flow, all species including

monomers and clusters are represented by simulated molecules in
the DSMC approach. The VHS model is used to model simulated
molecules representing real atoms or molecules in the plume, and the
Larsen–Borgnakke model is used to redistribute molecule–molecule
collision energy based on the number of degrees of freedom. Note
that both rotation- and vibration-energy transfer are considered in
molecule–molecule collisions.

An analytic cluster HS model is described in Ref. 22, providing
a general asymptotical equation for cluster radius similar to Eq. (3).
Briehl and Urbassek11 applied this cluster model to simulate small
copper-cluster growth and decay processes using the DSMC ap-
proach. This cluster model has been validated by our MD simula-
tions for argon clusters, discussed in Sec. II.B. It was further shown
that the argon-cluster model is consistent with other independent
studies of nickel clusters14 in Sec. II.E. Thus, we use the HS cluster
model in our DSMC simulation.

B. Nucleation and Evaporation Models
Following CNT theory,1 initial clusters, called nuclei, are intro-

duced into the computational domain. The nuclei have the same
size as the local critical clusters, and they are in an equilibrium state
with the surrounding gas. The nucleation rate J is given in the CNT
theory as

J =
(

2σ

πm3

) 1
2 ρ2

v

ρc
exp

(
−4πr 2

∗σ
3kB T

)
(7)

where σ is the cluster surface tension, m is molecular mass, ρv is
vapor density, ρc is cluster density, and r∗ is the local critical cluster
radius. Thus, during a time step �t in a cell with volume �V , the
number of new simulated nuclei nc is calculated as

nc = Jc�V �t/Fc (8)

where Fc is the number of real molecules represented by a simulated
cluster molecule. The latent heat, generated during the nucleation
process, is evenly distributed to each degree of freedom of the am-
bient gas molecules in a cell. Using bulk theory, the latent heat EL

is given by

EL = L Mi (9)

where L is the specific latent heat and Mi is the mass of a cluster
consisting of i monomers. Because CNT assumes that the clusters
have properties of the bulk material, we characterize the internal
energy of a cluster in terms of the specific heat capacity of the bulk
material cp as

Eint = cp Mi Tc (10)

where i is the number of molecules in the cluster; Tc is the cluster
temperature, which initially is assumed to be the local gas translation
temperature; and Mi is the cluster mass. The cluster evaporation rate
E is given in the CNT theory as

E = 4πpsr 2
c

(2πmkTc)0.5
exp

(
2σ

ρRTcrc

)
(11)

where ps is the vapor saturation pressure and R is the ideal vapor
constant. In the evaporation process, the evaporated monomers gain
translational and internal energy, reducing the internal energy of
the original cluster. The details of computational method of the
nucleation and evaporation models are given in Ref. 8.

C. Collision Models
The collision process between a cluster and a foreign molecule

is referred to as a nonsticking collision, whereas the outcome of a
collision between a cluster and its own molecule may be sticking or
nonsticking depending on the sticking-collision probability. Based
on MD simulations, a general expression for argon homogeneous
sticking coefficient q has been summarized as24

q = (
1 − 3

√
Vl/Vg

)
exp(−Eo/kB T ) (12)

where Vv and Vl are the specific volumes of gas and liquid and E0

is the energy difference of the minimum quantum level between the
activated complex and gas. Equation (12) shows that sticking coeffi-
cient is close to unity in the low-temperature region and decreases as
the temperature increases. As shown in our MD simulations, stick-
ing coefficients for clusters smaller than 11-mers may not agree with
the prediction of Eq. (12) because it is based on the condition of a
flat liquid surface. The impact of correctly modeling the sticking
probability of clusters smaller than 11-mers on the condensation
results is discussed in Sec. IV.

In the previous work, cluster–cluster collisions are assumed to
be elastic collisions, without considering the coalescence effect.
In this work, the semiempirical Ashgriz–Poo model25 is chosen
to predict the outcome of cluster–cluster collisions that may lead
to coalescence or separation. The Weber number, defined as the
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ratio of collision kinetic energy to droplet surface energy, provides
a cluster–cluster collision separation–coalescence boundary. The
Weber number W e is given by

W e = ρcdi c
2
r

/
σc (13)

where ρc is the cluster density, di is the diameter of the smaller
cluster, cr is the cluster–cluster relative velocity, and σc is the clus-
ter surface tension. The Ashgriz–Poo model has been verified for
droplets by MD simulations using a 6–12 Lennard–Jones potential
and was used to predict the outcome of droplet collisions in an induc-
tively coupled plasma.26 A detailed description of the Ashgriz–Poo
model can be found in Ref. 25.

IV. Results and Discussion
The MD simulation results, cluster-collision cross sections and

cluster–monomer sticking coefficients, will be integrated into the
DSMC simulations. To understand the impact of these improve-
ments and to check the simulation results presented in the previous
work,8 we first compare the improved DSMC simulation results
with previous results.

A free argon expanding flow through a sonic nozzle with a con-
vergent angle of 30 deg into a vacuum environment was simulated in
Ref. 8. The plume has a stagnation pressure of 5.30 × 104 Pa and a
stagnation temperature of 180 K. The DSMC simulation parameters
and techniques for this case were described in detail in Ref. 8 and
we briefly discuss the important ones here. The two-dimensional
axisymmetric simulation domain extends 2 and 10 times the noz-
zle diameter, 7.0 × 10−4 m, in the radial and axial directions, with
50 and 250 cells, respectively. Using an adaptive grid technique,
each cell can be divided into up to 10 subcells according to the
flow gradients obtained during the simulation. The number of cells
was found to increase from 12,500 to 112,000, and a time step of
1.0 × 10−8 s was used in the DSMC simulation. The number of real
molecules represented by a simulated particle, Fnum, is 5.0 × 107

in the simulations. A single value of Fnum, 2.5 × 103, is chosen for
the cluster species in the simulation because of the several orders
of magnitude difference in the cluster and vapor number density.
About 2,800,000 simulated molecules are used to represent clusters
and vapor molecules at steady state.

Comparisons between improved (new) and previous results (old)
are shown in Fig. 9. Because the MD-corrected cluster–monomer
collision cross sections are larger than the previous ones, the compar-
ison of average cluster size, shown in the top of the figure, suggests
that the cluster size obtained by the improved model is larger than
the previous size. However, after the cluster size is normalized to the
corresponding terminal cluster size, the middle figure of Fig. 9 shows
that the normalized curves of the improved and previous models are
almost the same. Note that the terminal cluster size is defined as the
average cluster size at the axial position of 20 times the nozzle-throat
radius from the nozzle exit. At this location, the cluster-growth pro-
cess is almost completed because of the lower vapor environment.
The middle figure suggests that the improved model still validates
the scaling laws of Hagena and Obert,4 as was shown in the pre-
vious work.8 Finally, the cluster-number densities are compared in
the bottom of Fig. 9 and the results suggest that the cluster-number
density obtained by the improved model is slightly less than the
previous value. The main reason for the decreased cluster-number
density in the new results is due to the lower sticking coefficients.
This means that the smaller clusters tend to evaporate sooner into
separate atoms.

Next, the improved condensation model is applied to a new ex-
panding condensation plume experimentally studied in the Arnold
Engineering Development Center (AEDC) in the 1970s.15 Extensive
sets of Rayleigh scattering-intensity data were measured, which may
be directly compared with numerical results. A brief summary of
the scattering intensity is given here and detailed information can
be found in Ref. 15.

Assuming that the condensing flowfield is composed of a collec-
tion of gasphase monomers and i-mers with the respective number
density Ni and polarizability αi , the ratio of scattered intensity Is to

Fig. 9 Contours of argon-cluster size (top), normalized cluster size
(middle), and cluster-number density (bottom) along the plume center-
line between the improved (new) and previous (old) results. Number
density is given per cubic meter. Axial position is normalized to the
nozzle throat radius R.

the incident intensity I0 is given by

Is/I0 =
∑

K Niα
2
i

/
λ4

0 (14)

where K is a coefficient containing transmission and calibration
factors and λ0 is the wavelength. Note that polarizability αi for i-
mers is assumed to be i times larger than molecular polarizability
α1.15

Here we use the DSMC method to simulate condensation in a
free-expanding pure argon plume through a sonic orifice, which had
been done experimentally in AEDC15 with a stagnation pressure of
250 torr, stagnation temperature of 280 K, and orifice diameter of
3.2 mm. The details of DSMC simulation models and techniques
are developed in Ref. 8, which can be briefly summarized as fol-
lows. The original two-dimensional axisymmetric statisical mod-
eling in low-density environment (SMILE) code27 is modified to
simulate nucleation, cluster–molecule and cluster–cluster collision,
and evaporation processes. The simulation domain extends 4 and
10 times the orifice diameter in the radial and axial directions, with
100 and 250 cells, respectively. Each cell can be divided into up to
16 subcells, causing the number of cells to increase from 25,000
to 318,000 during the simulation, and a time step of 2.0 × 10−9 s
was used. To decrease the computational cost, radial weights are
used for distributing the number of simulated molecules evenly in
the radial direction for monomers and clusters. A vapor particle in
the simulation represents 1.0 × 1010 real vapor molecules, whereas
a cluster particle represents 1.0 × 105 real clusters in the DSMC
simulation because of the several orders of magnitude difference
in the cluster and vapor number density.8 Because the nonconden-
sation region close to the orifice is too dense to be modeled by
DSMC, the simulation begins from a starting surface, which is cre-
ated with the continuum solver General Aerodynamics Simulation
Program (GASP).28 About 3,200,000 simulated molecules are used
to represent clusters and vapor molecules at steady state. A typical
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Fig. 10 Contours of argon vapor-number density (top), cluster-
number density (middle), and average cluster size (bottom) in the con-
densation plume, discussed in Sec. IV. Number density is given per cubic
meter.

Fig. 11 Distribution of the log of the degree of supersaturation in the
free-expanding argon plume.

simulation samples about 400,000 steps and takes 72 hours on 18
parallel AMD Athlon 1526-MHz CPU processors.

The DSMC simulation results for the condensation plume are
shown in Fig. 10, including vapor-number-density contours (top),
cluster-number-density contours (middle), and average cluster-size
contours (bottom). The initial cluster or nuclei appears in a nucle-
ation region where cluster-number density increases quickly along
the flow direction consistent with the increased degree of super-
saturation during the expanding process, as shown in Fig. 11. Up-
stream of this region, the gas is essentially an expanding plume
without condensation. Further downstream of the nucleation region,
cluster-number density decreases mainly because of the expansion.
Because the cluster-number density is only on the order of 1017 per
cubic meter, there are few cluster–cluster collisions and so the im-
portance of the coalescence process on the cluster-number density is
limited. The average cluster size is usually below 10-mers in the nu-
cleation region, whereas it increases downstream of the nucleation
region because of the sticking collision process between cluster and
vapor molecules and cluster evaporation processes. The simulation
results were found to be the same with and without inclusion of the
Ashrigz–Poo coalescence model.

Fig. 12 Distribution of argon gas and cluster-number density, and av-
erage cluster size along the centerline of the condensation plume, dis-
cussed in Sec. IV.

Fig. 13 Comparison of Rayleigh scattering intensity between exper-
imental data and simulation results along the plume centerline. The
dashed line indicates intensity of a flow solution without condensation.

The distributions of average cluster size and cluster- and vapor-
number density along the core flow are shown in Fig. 12. The figure
shows that the vapor-number density is about five orders of mag-
nitude greater than the cluster-number density, whereas the aver-
age maximum cluster size in the computational domain is about
300-mers. The average cluster size grows continuously beyond the
computational domain until the vapor-number density becomes so
low that the contribution of sticking collisions to cluster-growth
process counteracts the cluster-evaporation effect.

The Rayleigh scattering intensity is calculated for the flow using
Eq. (14), and the core flow is compared with experimental data in
Fig. 13. To illustrate the importance of the condensation modeling,
a calculation without condensation was performed. The Rayleigh
scattering intensity for that specific case is indicated by a dashed
line in Fig. 13. Upstream of the nucleation region, there is no con-
densation in the plume, which leads to a Rayleigh scattering intensity
decrease along the flow direction because of rarefaction. However,
the emergence of clusters and the cluster-growth process counteracts
the decrease of vapor-number density in the condensation region,
leading to a scattering intensity downstream of the nucleation region
that is larger than its corresponding value in the noncondensation
plume. Figure 13 also shows that our numerical results agree rea-
sonably well with the experimental data, thus suggesting that our
DSMC condensation model predicts condensation phenomenon in
a free-expanding plume correctly. Note that the appearance of nu-
clei in the DSMC simulation is delayed by 1.2 × 10−5 s to force
the initiation of condensation in the simulation to coincide with the
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Fig. 14 Comparison of Rayleigh scattering intensity contours Is/I0 be-
tween condensation (top) and plume without condensation (bottom).

onset of condensation at the position indicated in the experiment.
The introduction of this lag time is necessary in this work because
we use CNT to model the creation of initial nuclei. In reality there
is a finite period of time, known as nucleation lag,29−31 to build up
the nuclei from monomers and to generate a steady-state nucleation
rate. The nucleation lag is not important for modeling condensation
in a static or low-speed vapor environment; however, it may greatly
affect the location where nucleation begins in a high-speed flow. In
our case, if we did not introduce a delay, the nuclei in our numeri-
cal simulation would appear at a location upstream of the location
indicated by the experimental data. For simulation results without
a delay time, the cluster size would be larger, and the simulated
intensity would not be consistent with the experimental data. This
problem is entirely due to the CNT theory because the original for-
mulation of CNT was developed to model static vapor systems such
as those in cloud vapor chambers.32,33

Figure 14 compares the Rayleigh scattering intensity contours be-
tween a condensation (top) and noncondensation (bottom) plume.
For the noncondensation case, the plume scattering intensity de-
creases monotonically in the expanding directions because of the
decrease in the vapor-number density. However, for the condensa-
tion plume, the scattering intensity decreases more slowly in the
axial direction after the initiation of condensation. Consistent with
the results shown in Fig. 12, there is a counteracting effect between
the increase of the cluster size and the decrease of the cluster-number
density. Our numerical simulation results show that there would be
a long tail in the Rayleigh scattering intensity distribution in the
free-expansion condensation flow. This conclusion holds for both
the present and earlier collision and sticking models, as seen in the
middle figure of Fig. 9. The exact spatial distribution should be
further validated by future experiments.

V. Summary
The general MD approach is used to verify an analytical cluster

model and cluster sticking-collision model. The use of Lennard-
Jones potential reduced units shows that MD simulation results of
argon clusters agree well with those of nickel clusters done in another
independent work, indicating that the MD results in this work may
be approximately transferred to other species.

The MD simulation results are applied to the DSMC model,
which is developed to simulate homogeneous condensation in a
free-expanding argon plume through a sonic orifice. According to
the DSMC simulation results, Rayleigh scattering intensity is es-
timated and compared with the experimental data, suggesting that
the condensation model developed in this work may reasonably well
predict homogeneous condensation in a free-expanding plume. The
Rayleigh scattering contours in a condensation plume are predicted,
which may need to be validated by experimental data in the future.
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